The one-dimensional transient electromagnetic field in and around a system of two nonmagnetic homogenous rectangular high thin bars can be analytically evaluated if the ratio of average initial magnetic field on the two sides of thin bar, or of the ratio of initial magnetic fields in middle of the bar height is known. In this paper, using appropriate conformal mappings, an exact analytical solution for these ratios are proposed in the case of very thin bars. Obtained values are compared with FEM results for relatively thick bars.
Introduction
The problem of transient electromagnetic fields for a system of two infinite-high and long non-magnetic bars in cases of current and voltage step application is completely studied and brilliantly solved in [1] , considering the magnetic field on internal side of the bars constant and evenly distributed and on the external side of the bars equal to zero. In [6] , considering the magnetic field in the central part of one-dimensional bar, all these results are extended for the case of finite height of the bars. The obtained in [6] results depend on the (considered almost constant) ratio η(t) of the tangential magnetic fields on bar sides. The final (t →∞) values of this ratio are exactly determined in [6] , using expression (1) of the vertical component of the magnetic field produced by a uniformly distributed direct current in single bar. The vertical component of the steady state magnetic field of single bar with the cross-section 2 a 1 × 2 b 1 carrying a direct current I with constant density j is given in [2] :
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For thin bars, using the l'Hôpital's rule, the following equation is obtained for the final ratio of magnetic fields in the middle of the two sides of very thin bars:
In [6] the same formula was obtained as the limit case for b→0 in the equation
obtained from the condition of zero magnetic field in the centre of the bar and considering the initial current as two evenly distributed sheets of current on the surface of each bar and proposed for roughly evaluation of initial ratio of magnetic fields in middle of the bar. A slightly more exact formula can be obtained, considering the condition of zero magnetic field not in the centre of the bar, but closer to the external side, where the magnetic field remains zero up to the end of field penetration process:
In the case of current step injection, considering a better approximation than in [6] for the magnetic field in the point A, we can write for transient fields in the middle part of high bar with electrical conductivity  and magnetic permeability  the following equations, as functions of space and time relative units:
Since  is time varying quantity, for initial period of the process  0 must be considered. For better determination of  0m and  0av a static problem was solved using FEM. A sample of the magnetic field initial distribution around the bar is given in Fig. 5 . But even with many nodes, the magnetic field in the corners of the bars is badly determined. This is why in the next section an exact analytical solution is presented, unfortunately valid only for the case of very thin bars.
External Magnetic Field Around Thin Bar
In the case of current step excitation, the initial magnetic field is only external and the last flux line coincides with conductor contour. In quasistationary approximation its magnetic vector potential A satisfy the Laplace equation. The distribution of the magnetic field values along the conductor contour will be analyzed in first quadrant of In the case of infinitely thin bars (b→0), the domain of interest can be transformed in the upper half plane using the analytical function (Fig. 2) [4, 5] :
Here K', E' are complete elliptic integrals and F, E are incomplete elliptic integrals of first and second kind and modulus m.
The abscissa  of the point a 4 , corresponding to the top of the bar is:
Replacing (9) in (8) the following equation is obtained:
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the following equation will be considered [3, 7] :
where m' is the co-modulus of the elliptic integral. Or,
In particular,
There is also the Legendre identity:
Using the substitution
the following equations result for (1,1 )
Replacing these expressions in (10) we can obtain the geometrical ratio S/l as function of the co-modulus m':
For m < 0.3, we can use the approximations [3] :
With these approximations, (18) can be simplified as follows:
For S/l > 2 (m < 0.03) with 1% approximation, the following formula can be used for modulus evaluation: 
The configuration from the plane z can also be transformed in a dg rectangle with the function [7] :
The images in w 1 -plane of the points a 4 and a 5 from z-plane will be:
In the rectangle obtained in the w 1 -plane the field is uniform and the 3 5 A A   side is a field line. The ratio of magneto-motive force (mmf) on the left side of bar to the total mmf, on both sides, will be:
The ratio of the average tangential magnetic field on right side (H Bav ) to the average tangential magnetic field on the left side (H Aav ) of the bar at t = 0 will be the same as the ratio of corresponding magneto motive forces (since both sides has the same height h). In the w 1 -plane the magnetic field along the side
Fig. 3 -Ratio of average initial magnetic fields (25) and h/a versus modulus m (18).

Fig. 4 -Ratios of initial magnetic fields versus h/a.
Initial Magnetic Field Distribution Around High Rectangular Bus Bars … Consequently, the magnetic field along both sides of the bar, with current I (in the w-plane), as a function of the z-plane coordinates, has the following expression:
The modulus m depends on the ratio S/l (18), (20), (21) and H av is the average initial magnetic field around the bar.
The ratio of the initial magnetic fields on the two sides in the middle of bar height will be:
In Fig. 4 the values of the ratios  0av,  0m calculated with (25) and (30) are given as function of h/a. The dashed line is the final value (t→∞) of this ratio  ∞ for very thin bar (b = 0), calculated with (4). From this figure it can be observed that in general the ratio of lateral magnetic fields increases from their initial value 0 to the final value  ∞ and for large values of h/a this variation is negligible. For small h/a, the values given by simple formula (4) are closer to  0av and for large h/a they are closer to  0m .
Calculations made with numerical methods [8, 9] show that for thick bars (b > 0), the initial values of  0m are smaller than for b = 0 if they are considered in Fig. 4 as functions of h/a but they are larger than the values for b = 0 and closer to them if instead of the h/a the ratio (h+b)/a is considered. So, the value of  0m for thick bars is between the values of  0m given in Fig. 4 for h/a and (h+b)/a:
The values of  0av for thick bars are always smaller than the values given in Fig. 4 for (h+b) 
Example: Numerical Solution for Thick Bar
To illustrate the influence of the bar thickness on magnetic fields ratios, in The ratio of the initial magnetic fields in the middle of the bar height ( 0m ) results 0.095, close enough to the analytical value (~ 0.1) given in Fig. 4 for (h+b)/a = 5.5. But for  0av the errors are much larger. Even if instead of h/a the value (h+b)/a is considered, the ratio of the average magnetic fields, obtained by finite element method, is much smaller than the theoretical value: 0.15 versus 0.20. This happens probably because in the corner of the bar the magnetic field theoretically tends to infinity and the numerical errors are very large, even when using many nodes.
This example shows once more the utility of exact theoretical solution. 2. The exact values of  0m and  0av for b = 0 are given in Fig. 4 in function of h/a. Using h+b instead of h they can used for ratios evaluation for relatively small b. 3. The initial magnetic field ratio depends mainly on the geometrical ratio h/a and there is a large discrepancy between ratios of the fields in the middle of the bar  0m and the ratios of average magnetic field on both sides of the bar  0av . 4. The former approximate formula (4), obtained for η 0 , gives values between the ratio of the initial fields in the middle of the bar and the ratio of the average fields on lateral sides of the bar, closer to  0av for h/a < 2 and closer to  0m for h/a > 3. All these ratios given by (4), (25) and (30) are plotted in Fig. 4 .
5. In Fig. 4 can be seen the total variation in time (from t = 0 to t = ) of the ratio , from  0m to  ∞ for the middle part of thin bar. It can be observed that at least in the case of thin high bars the ratio  increases from the initial value  0m to the final value  ∞ with about 50% for h = a and rest almost constant for h > 10a. This means that the assumption considering the magnetic field constant during the field penetration on each surface in the middle part of high bar, adopted in [1] and [6] is justified.
